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Explicit expressions for all of the effective transport coefficients are derived for thermochemically equilibrium flows using the
exact mass and heat transfer equations, which are resolved with respect to the “forces™ (the gradients of the hydrodynamic variables)
via the flukes. It is shown that, in a mixture where the components have different diffusion properties, separation (diffusion) of
the chemical elements occurs which leads to a state of affairs where the equilibrium concentrations, and together with them, the
effective transport coefficients will be functions not only of the pressure and temperature but will also depend on the concentrations
of the elements, determined when solving the problem (self-consistent concentrations of the elements). It is shown that the
existence of an electric current and lack of quasineutrality (flow around electrically conducting walls-—electrodes) does not change
the structure of the expressions for the effective transport coefficients and does not add anything new. The approximate and
incomplete treatment of thermochemically equilibrium flows of multicomponent gas mixtures and a plasma in previously published
papers are especially noted. Numerical estimates of the effective transport coefficients are presented for an air plasma and the
domains in the pressure-temperature plane with the required number of approximations in order to obtain results with an error
of no worse than ~5% are indicated. © 2000 Elsevier Science Ltd. All rights reserved.

An extensive literature [1-8] exists on transport phenomena in thermochemically equilibrium multi-
component gas mixtures of electrically neutral and charged components when the temperature of all
the components and the temperature of the internal degrees of freedom are identical (thermal
equilibrium) and the time for the occurrence of the slowest process is much less than the characteristic
hydrodynamic time, such as, for example, the time a fluid particle resides in the flow domain being
considered. Heat transfer, taking account of the additional diffusion transport of “chemical” energy,
was first considered by Nernst in the case of a single, very simple reaction [1]. Subsequently, a method
for binary gas mixtures, in which a single fast dissociation reaction occurs, was developed in [2-4] and
elsewhere. The effective thermal conductivity was derived in [5, 6] for the case of multicomponent
mixtures at rest (Vp = 0, p is the pressure in the mixture) with an arbitrary, finite number of chemical
reactions taking place and the thermal conductivity for partially ionized, chemically equilibrium mixtures
was derived in [7, 8].

The papers noted above do not completely and exactly solve the problem of the hydrodynamic
description of thermochemically equilibrium flows of multicomponent gas mixtures and a plasma when
the components have different diffusion properties, and the investigations were carried out outside the
context of the complete system of diffusion and energy equations for equilibrium flows for the following
reasons. First, in a number of papers, the energy equation for chemically equilibrium flows is described
as for a homogeneous gas but with the conventional thermal conductivity replaced by an effective thermal
conductivity. Second, these papers are limited solely to the calculation of the effective thermal
conductivity and only in isobaric flows (Vp = 0). Taking account of the pressure gradient leads to an
additional term in the energy equation for chemically equilibrium systems (see below: (8.11)). Third,
the derivation of the expression for the thermal conductivity A, is based on the use of the mass transfer
equations of the components in the Stefan-Maxwell form without making allowance for the effects of
thermal and pressure diffusion. Fourth, quasineutrality is assumed in the case of a plasma (quasineutrality
breaks down electrically conducting walls—electrodes) and it'is assumed that there is no external force
field [7]. Fifth, only molecular heat transfer with a specified element composition was considered, that
is, no allowance was made for molecular mass transfer in the form of the diffusion of elements which,
of necessity, manifests itself when there is a temperature gradient in a multicomponent mixture where
the components have different diffusion properties even when the effects of thermal diffusion and
pressure diffusion are neglected (see below: (8.16) and (8.17)).
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Hence, in the general case, integrals with constant concentrations and zero diffusion fluxes of the
elements c¥ = const,Jf=0(j = 1,..., L), where L is the number of elements from which, as a result
of the reaction, the N-component mixture is formed, do not exist in the case of chemically equilibrium
flows of mixtures where the components have different diffusion properties. When account is taken of
the diffusion of the elements in chemically equilibrium mixtures, this leads to the appearance of a further
whole series of cross effective transport coefficients, as a result of which the diffusive flow of any given
clement depends on the concentration gradients of all the other elements. Attention was first drawn
to this in'[9,-10]. Finally, and'this is the most important remark, the initial formulae for the transport
coefficients were based on the use of the lowest approximations, that is, the first non-zero approximations
whern theywere found in the form of a series of Sonin polynomials using the Chapman-Enskog method
(CEM) for the solution of Boltzmann’s equation [11].

It is necessary to take account of higher approximations when calculating the transport coefficients
of a plasma in order to obtain quantitatively correct results. It has been repeatedly pointed out in the
literature [12, 13] that the formulae which are conventionally used for the transport coefficients, obtained
in the lower approximations of the Chapman-Enskog method [11] (the first approximation for the
diffusion coefficients and the second approximatiori for the thermal conductivity and thermal diffusion
coefficient), do not reduce to the exact formulae for the transport coefficients, obtained in [14, 15] by
the method of statistical mechanics of charged particles, in the case of a completely ionized plasma.
Calculations {16, 17] for certain single-element ionised gases such as argon and hydrogen, for example,
show that, for the correct determination of the transport coefficients, it is necessary to take account of
a minimum of three terms in the expansion of the perturbed distribution functions in series over Sonin
polynomials (the third approximation). Confirmation of the need to take account of higher approxi-
mations in the case of ionized mixtures containing a light component can be found in [18].

For a low degree of ionization, the convergence of the approximations is slower, the more pronounced
the change in the electron scattering cross-section for the atom as a function of the energy of the electron
[19]. In particular, in the case of moderately ionized argon, it is necessary to take account of up to six
approximations when calculating the electrical conductivity [17, 20, 21]. If, however, the scattering
coefficient only changes slightly, it is sufficient to use the third degree of approximation for the electron
heat conduction for any degree of ionization of a mixture {19].

The standard Chapman-Enskog procedure [11], which gives expressions for the molecular mass,
momentum and energy fluxes of a mixture in terms of thermodynamic “forces” (in the terminology of the
thermodynamics of irreversible processes, these “forces” are the concentration, temperature and pressure
gradients, the components of the rate of deformation tensor and the external mass forces), leads to formulae
for the transport of coefficients (the multicomponent diffusion coefficients and thermal diffusion coefficients,
the instantaneous (not the true) thermal conductivity A’ and the thermal diffusion coefficient) in the form
of the ratio of determinants of order (N§ + 1) to determinants of order N, where N is the number of
components in the mixture and & is the number of approximations [11, 22] (see formulae (2.4) and (2.5)).

Calculation of the true thermal conductivity and the diffusion coefficient, taking account of higher
approximations using the method in [11], requires the calculation of Nth order determinants, the
elements of which are determinants of the (V€ + 1)th order. This procedure has only been carried out
explicitly in the second approximation and only when calculating the thermal conductivity [23- 25]. As
before, the determination of the thermal diffusion coefficient requires, in these papers, the calculation
of Nth order matrices with elements which are (N¢ + 1)th order determinants.

Transport coefficients have only been calculated using this classical scheme in the case of a single-
element plasma [16, 17, 20, 21, 26-28]; it is not very suitable for solving gas dynamic problems.

Calculations of equilibrium transport coefficients [29, 30] based on the use of the classical transport
equations [11] (the fluxes are in terms of “forces”) should be mentioned. In this case, multicomponent
diffusion and thermal diffusion coefficients are introduced which give rise to enormous computational
difficulties and an enormous volume of results if the equilibrium transport coefficients for multi-
component mixtures are to be calculated in the higher approximations.

In addition to the difficulty which has been noted above, substitution of the expressions for the fluxes
obtained in [11] into the equations of motion of the mixtures (the conservation equations) leads to a
system of equations which cannot be solved with respect to higher derivatives of the required functions.
At present, there are no general methods for the effective solution of such systems of equations even
in the approximation of the various asymptotically simplified versions of the Navier-Stokes equations
[31, 32]. For this purpose, it is necessary to have transport equations which are solved with respect to
the “forces” via the fluxes. Such equations can be obtained without having to invert matrices if the Grade
method [33] is used. However, the thirteenth moment Grade method for calculating transport coefficients
is only equivalent in accuracy to the second Chapman~Enskog approximation [34].
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In this paper, we introduce equations for the mass transfer of the elements and heat for thermochemically
equilibrium flows and for all the effective transport coefficients in them in any approximation, which are
free from any of the constraints in the papers cited above. These equations are based on simpler and more
exact equations for the mass transfer of the components and energy obtained previously [35-37] in a form
which is suitable for the numerical and analytic solution of problems and are solved with respect to the
“forces” (the gradients of the hydrodynamic variables) via the fluxes.

I. CONSERVATION EQUATIONS FOR MIXTURES
OF GASES AND A PLASMA

We shall consider the macroscopic (hydrodynamic) motion of a mixture of gases and a plasma (a
partially ionized or completely ionized mixture of gases) under conditions of thermal equilibrium, that
is, when the translational (kinetic or gas) temperature of all the components is the same and is equal
to the temperature of the internal degrees of freedom of the particles. We consider a mixture consisting
of N components. For the practical calculation of flows in which chemical reactions and ionization are
occurring at an arbitrary rate, it is convenient to pick out L independent (basis) components for which
it is possible, for example, to take the chemical elements and an electron component, and R = N — L
of the components (reaction products). The chemical symbols of the basis components are denoted by
B; (j = 1,..., N) and the reaction product symbols by 4; ({ = L + 1, ..., N). Then, without loss of
generahty the lmearly independent, stoichiometric equations of the reactlons can be symbolically written
in the form

A= Zvu ;—q(T), i=L+1,..,N (1.1)

where vj; are the stoichiometric coefficients for the reactions and g; are the heats of the reactions. In
accordance with representation (1.1), the laws of conservation of mass and charge in the reactions will
have the form

L L
m; = Z Vuml, e = Z Vuej (1.2)

where m;, e; are the mass and charge of the ith particle. We now define the relative, or henceforth, simply

the mass concentrations of the elements ¢} (j = 1,. .., L) and the mass diffusion fluxes of the elements
J3( = 1,...,L)in accordance with the stoichiometric representation of the reactions (1.1) as follows:
facyt ¥ v, U I=1+ 5 J (1.3)
€j =¢; K Cir Vk_ k .
/ ! k=L+1 / my k=L+1 I my

Then, the system of Navier-Stokes equations, which expresses the laws of conservation of mass,
momentum and energy in the mixture can be written in the form [38]

® . 4 _ N
-a—t—-+ iv(pv)=0, pv=13 p,v, (1.4)
k=1
dej .o N :
P2 vaivsy=0. =% py =t 13)
k=l
dCi . . N
p— +divIi =W, i=L+l..,N (1.6)
N ~
=Y pF, ~Vp+divi (1.7)
k=1
d +Y dp il
- —_ +2pF vy +div(T-v-]J h= h .
dt[ 2) a Xk Vi a» ,El Cily (1.8)
1 c Y
p= %kT —= Z L, p= Z mmp, n=3 ny (1.9)
k=1 k=l

m k=1 mk
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Here, p; = nmy, ny, vi, ¢; = pilp, X; = nygn = (m/imy)c;, Ji, w;, Fi, h; are the mass density, the number of
particles per unit volume, the mean statistical velocity, the mass relative or simply concentration, the
relative molar concentration, the vector of the mass diffusion flow of the ith component, the rate of
formation of mass of the ith component per unit volume due to reactions, the mass force acting on the
ith component and the specific enthalpy of the ith component, respectively. Also p, v, p, s, T, m,n, J,,
T are the density, the mean statistical mass velocity of the mixture, the pressure, the specific enthalpy
of the mixture, the temperature and average molecular mass of the mixture, the total number of particles,
the vector of the total heat flux and the viscous stress tensor of the mixture as a whole, respectively,
and k is Boltzmann’s constant.

Equation (1.4) is the continuity equation for the mixture as a whole, Eqgs (1.5) are the equations for
the diffusion (mass balance) of the elements, Eqs (1.6) are the equations for the diffusion (mass balance)
of the components, that is, of the reaction products, Eq. (1.7) is the momentum equation for the mixture
as a whole, Eq. (1.8) is the energy equation for the mixture as a whole and Eq. (1.9) is the equation of
state for a mixture of ideal (non-dense) gases.

As the elements, one can select any set of independent chemical components from which it is possible
to obtain all the remaining components by writing out the independent reactions in the form of (1.1).
If the gas is ionized the electron appears as a further element together with the others. However, any
ion can also be chosen instead of the electron.

When solving actual problems it is convenient to use the N — L equations for the diffusion of the
reaction products (1.6) and the L equations for the diffusion of the elements (1.5) with zero right-hand
sides (null sources) since no element is created or disappears in the reactions but only passes from one
component to another.

2. MASS- AND HEAT-TRANSFER EQUATIONS SOLVED WITH
RESPECT TO THE FLUXES (FLUXES VIA “FORCES”)

In order to close the system of equations (1.4)—(1.9), it is necessary to have explicit expressions for
the fluxes J;(i = 1,..., N), J, and 7, the so-called transport equations and, in addition, expressions for
the source terms w; (z =1,. N) The transport equations for mixtures which only slightly deviate
from the state of local thermodynamic equilibrium are represented in the form of linear relations which
associate the “fluxes” with the corresponding thermodynamic “forces”, that is, with the gradients of
the hydrodynamic variables. The expression for the viscous stress tensor (the momentum transport
equation) T in the Navier-Stokes (linear) apprommatlon for the gas mixtures as a whole and the diffusion
approximation has a well-known form which is identical to the equation for a homogeneous gas and is
not given here. The expressions for w; are also not presented here.

We will initially give the equations for the mass transfer of the components in a multicomponent,
partially ionized mixture of gases in the well known classical form [11] (fluxes via “forces”)

._pz "Dd -DIVInT, i=1,...N (2.1)
N pT
J,=-MNVT+ z hJ, -nkTY —*-d, (2.2)
k=1 Py
d;=Vx; +(x;~¢c;)Vinp+-+ (Z peF, — pF,-), i=L.,N (2.3)

where d; are the vectors of the diffusion “forces”.
The multlcomponent,dlffusmn D;; and thermal diffusion DT coefficients are given by the following

expressions in any approximation & for determining them in the form of series in Sonin polynomials
(11]

0 S o .. 0
5.-8. q¥ % .. %!
..(§)=_3P_‘L 2mkT 6 UO " 10 I ;si ez @9
2"',' detq X qrs q.rs rs » B =
0 a g L et
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0 & 0 .. 0
0 ¢ ¥ ... g
] 10 11 lé ~]
15n,rmkTY (n, q'° q@!! .. q N
DT - i i rs T =0
P &) 4detq 0 q?.? qfx' qff’ b ;E': De (2)
qi“’ qi” qﬁs"'g“'

£=2,D{(1)=0

where ¢,% is an N x N square matrix composed of the elements

2rm; Xj (M .
qi';p=,’T(Q;”—;{-J—;—Q{,”5moﬁpo], i,j=1, .., N; mp=0,1,..,E-1

and det q is a determinant of order N§ x NE which is obtained by crossing out the first row and the first
column from the numerator in (2.4) or (2.5).

The quantities i are expressed in terms of complete integral brackets (“bracket” integrals)
which, in turn, are expressed in the well known form in terms of collision integrals (Q are integrals)
which depend on the pairwise interaction potential [11, 41]. It is important to note that DY (1) = 0, that
is, the thermal diffusion coefficient has a non-zero value, starting from the second approximation.

Hence, the equations for the mass transfer of the components in the standard Chapman-Enskog
procedure are given by expressions (2.1) with coefficients (2.4) and (2.5), which represent the ratios of
the N§ + 1 order determinants to N& order determinants. As a rule, Eqs (2.1) with the exact coefficients
(2.4) and (2.5) are not used in this form when solving actual hydrodynamic problems because of their
complexity, in particular, in the case of partially or fully ionized mixtures when it is necessary to take
account of higher approximations.

The coefficient )’ in (2.2) is given by the expression [11, 16]

0 0 m/imf 0 .. 0
02 0.&~1
0 ¢ o o .. @
% 12 LE-1
, 75k (2RKkT)'* | n; q; q; q; R b a6
AE)=- 20 21 2 2,61 (2.6)
8 detq |0 q,.j qij q,.j q,]
1 |
0 qE,lo qgll q5|2 qg é

and has a non-zero value, starting from the second approximation, which is analogous to the resuit of
the calculation of the thermal diffusion coefficient (2.5).

It is important that the following point be noted. The coefficient A’ is not equal to the conventionally
defined thermal conductivity. According to expression (2.2), A’ can be interpreted as the thermal
conductivity of a multicomponent mixture in which there are no diffusion “forces” d; (( = 1, ..., N).
If only a temperature gradient, which is constant throughout space, is created in an initially, spatially
homogeneous gas mixture and the thermal conductivity is measured up to the instant of time when the
diffusion thermal effect (the last term in (2.2)) manifests itself, then this measurement will give the
coefficient A". However, concentration gradients appear with the passage of time and the diffusion forces
will increase until the diffusion flows J; disappear (until a steady state occurs). Measurement of the
thermal conductivity in this steady state also gives the true thermal conductivity X.

In order to obtain an expression for the true thermal conductivity A in any approximation and,
correspondingly, the heat flux, it is necessary to solve transport equation (2.1) with respect to the vectors
d; (i = 1, ..., N). The formal solution can be written in the form

a-L% By, 25 EaD{ gyt 2.7)
n2 k= k ’l k=1 m;

where Ej; are the elements of the matrix which is the inverse of the matrix with the elements D;m;
Substituting solution (2.7) into (2.2), we obtain the required expression
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T
_pkT X D Ey 3
=- =3 —|); 2.8)
Jq AT+ ;21 { nm; IEI P ! (28)
with the true thermal conductivity, which is equal to

E;D[ D]

A=A+ 2): EDD (2.9)
n =ij=t  PiMm;

The double summation (the last term) in (2.8) is the diffusion thermal effect and the coefficients in
front of J;, like the double summation in (2.9), are complex expressions in which is the inverse of a
matrix, since the coefficients £ are the elements of a matrix which is the inverse of a matrix in which,
in turn, the elements are ratios of determinants of orders (N§ + 1) and NE. In the case of unionized
mixtures, when the thermal diffusion coefficients are small, the contribution made by the double
summation to the thermal conductivity is small (of the order of a few per cent [11]). However, in the
case of a plasma, this leads to an appreciable error, since the presence of electrons in the mixture leads
to the appearance of terms in (2.9) with small denominators, proportional to m and m%, which greatly
increases the contribution due to the effect of thermal diffusion [39]. Calculation of the dissipation
function, as well as calculations using formula (2.9), show that the instantaneous value of the thermal
conductivity is greater than the true thermal conductivity, that is, A’ > A. For example, A’ = 1.3X [16]
in the case of a completely ionized hydrogen plasma.

Hence, the classical Chapman-Enskog approach in [11] give extremely complex expressions for the
true thermal conductivity and the thermal diffusion coefficient which are not very suitable for solving
problems in gas dynamics.

3. MASS AND HEAT TRANSFER EQUATIONS,
SOLVED WITH RESPECT TO THE GRADIENTS
OF THE HYDRODYNAMIC VARIABLES
(“FORCES” VIA FLUXES)

We will now derive simple and accurate transport equations in any approximation which are equivalent
to (2.1) and (2.2). The idea behind the derivation of these transport equations was put forward in
[32, 40] and finally implemented in [35].

In any approximation, the equations for the transfer of mass of the components (the Stefan-
Maxwell relations) take the form [35]

Noxixifi®(3; Y .
d; =Y —o=i| =E st~k QVInT, =1 N 31
,Z;' B;(1) {pj P.J n@®VinT, i 61)

where f; = f; = (1 — @), the correction coefficients for the higher approximation, are equal to

0 g(}_,' g(}sg"
2 %ij(l) g".’ g g' -t -

(By=2 """ | & rs v =2, ¢;(D=0

?;®)=3 prarre L € 9; (1 (3.2)
SE.-‘O Bés” gsr;slg 1
1 im

e = P ———— = mp == —

‘P,,(g) ¢,.(§)» 2 (l)(pq g) ’ gr.\ n 21CkT rs

ihjr,s=1,.,Nymp=0,1, ., -1

where gr¥ are N x N square matrices composed of the elements g7¥ and det g is the determinant
obtained from the determinant in the numerator of (3.2) by crossing out the first column and the first
Tow.

In any approximation, the thermal diffusion relations ky; have the form [35)
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0 X, o .. 0
10 1 12 1LE-1
k(= | & Bn B e Bw
2detg| : : :
gi 0 gitl gholz o pbetee
» 3.3)
J=
and are expressed in terms of the thermal diffusion coefficients DY(£) as follows:
N xxf;®) DI € DIE)
kG =-Y —= L= 3.4
TR o | Te G

The approximate Stefan-Maxwell relations, given in [11] are obtained from the exact relations (3.1) if
we put § = 2 and f; = 1 in them, which corresponds to taking account, non-consecutively, of the diffusion
coefficients in the first approximation and the thermal diffusion coefficients in the second approximation.
In order to obtain the correct Stefan~Maxwell relations ky; in the second approximation, we must put
€ =2 andf(2) = 1 - ¢;(2) in (3.1), where

@=2 2,(1) [0 g
¥ 3xx;detglg) gy

It is important to note that the coefficients k7;(£) are expressed more simply by formula (3.3) than the
thermal diffusion coefficients (2.5) (the determinants are N orders less!).
According to the theory in [35], in the total heat flux in any approximation has the form

N N ke
J,=-MEVT+ 3 b +nkTY —LJ; (3.5)
i= j=t Pj

where the true thermal conductivity, in any approximation, is given by the expression (compare with

2.9)

0 =x 0 ... 0
75w | g gl .. g
ME)=—-—=—|0 g% g2 .. g2 | =2 An=0 (3.6)
8 detg| . : : :
0 i g oL gt

If we confine ourselves to the second approximation (§ = 2), then an expression is obtained from general formula
(3.6) which is identical to the expression from [23] if account is taken of the fact that

1 |m
R

This expression from [23] has been considered previously [11] as an approximate formula. If we put & = 2 in
expressions (3.3), these expressions are found to be identical to the coefficients k(&) (i = 1, ..., N) presented
solely in the second approximation in [41]. It is interesting to note that the thermal conductivity A(4) has earlier
been postulated [17] as an approximated expression for the thermal conductivity in the fourth approximation.
Actualily, it follows from the derivation of formula (3.6) that this will be the exact fourth approximation.

Hence, the transport equations with the exact and simpler transport coefficients are obtained without
the double inversion of matrices and serve as a basis for solving hydrodynamic problems associated
with investigations of the flows of a multicomponent plasma and, in particular, as if they are specially
represented in a form which is convenient for converting the equations of motion of multicomponent
mixtures of thermochemically equilibrium flows to canonical form with a complete set of all the effective
transport coefficients, which will be done later.



848 G. A. Tirskii

4. EQUATIONS FOR THE MASS TRANSFER OF THE COMPONENTS
IN A QUASINEUTRAL PLASMA

The practical absence of space charge outside a sphere of radius Ap (Ap = [kT/(4nnge®)]'", that is,
the Debye radius, where ng is the number density of electrons and e is the electron charge), is a
characteristic feature of an ionized gas, which is called the ambipolar or, more precisely, the quasineutral
region. The transport equations (3.1) are substantially simplified in this case. The mass forces F;
(i =1,...,N)that appear in (2.3) (the magnetic field induced by internal currents will be small as a
relativistic effect), will be determined by the electric field E(F; = Ee;/m;) which is induced by charge
separation: when there are concentration, pressure or temperature gradients, the electrons, due to their
relatively low mass, will diffuse at a far greater rate, dragging ions behind them.

The small induction of the space charges will generate exceedingly strong electric fields which will
force the plasma to make a rapid return, after a time © = (mg 4nnge’)"? which is much less than the
time between collisions of the particles, to a state of electrical neutrality, which is expressed by the
condition

N
xe,=0o0r Y Vx, =0 (4.1)
k=1

M=

k

Substituting Vx; from relations (3.1) into (4.1) and taking account of (2.3), where the mass forces are
equal to F; = Ee;/m;, we obtain an expression for the electric field vector

€; i=lk=1

E———C.[Z T 0B (€ =8I+ 2 zc Vinp— Z Zkanl“T] (4.2)

¢ ) s
L= ( Y, xe; ) , =nD,;(1)f; f'(€), n=3 n (4.3)
k=|

€; k=1

Here, the resistance coefficients A; = A; have been introduced for convenience.
Substituting E into the expressions for the mass forces F;, occurring in the equalities (2.3), we obtain
from (3.1) the Stefan—Maxwell relations for a quasineutral mixture of gases

A =Vx +kD Inp+kPVInT=~AJ] +x z 8 J;, i=1,..,N (4.4)
k 1

where
N N
kl(’?) =kpi x&; kZI il k}?) = kg - xL,; 21 Cskry
= =
80 = A 5 _ ¥ , 1
atS 2_:l x, & =C)An, A -kzl x i, Ji -;Ji

By virtue of condition (4.1) and the definition k,; = x; - ¢;, the coefficients in (4.4) satisfy the following
relations

N
z kO = z KD =0, ZxS(O)—Ak, 3 ntf =1

(4.5)
2 zikp = Z zikiy =0, Z x2 8P = 7,A,

Hence, in the case of a partially ionized gas mixture, there will be N — 2 independent relations (4.4)
and, for a mixture of neutral components, there will be N — 1 such relations.

A Debye region exists close to the surface past which the flow occurs in which the asymptotic solution
(4.1), (4.2) does not hold. For zero charged particle densities on the surface, solution (4.2) for E has a
singularity. In order to obtain the solution for E in this Debye layer (Ap < L), it is necessary to construct
an internal solution using a scheme which has previously been described in [42].



Hydrodynamic equations for chemically equilibrium flows of a multielement plasma 849

5. STEFAN-MAXWELL RELATIONS FOR
THE MASS DESCRIPTION OF DIFFUSION

When solving hydrodynamic problems, it is more convenient to have the Stefan-Maxwell relations
(3.1) written in terms of Vc; instead of Vx;, due to the fact that the diffusion equations (1.5) and (1.6)
are written in terms of the mass concentrations ¢; and the mass diffusion fluxes J;. Since, ¢; = xm,/m
we obtain

mmk

N
Z (x,Vx; = x;Vx,), i=1...,N

Substituting Vx; from (4.4) into this, we find the mass transfer equations in a quasineutral plasma, written
in terms of the mass concentration gradients

5.1
Vc,~+K(°)Vlnp+ K(O)V]nT-——J +¢; Z ADT, .1
where
©_m Nm_‘k ‘ch
Kpi ="—n-kpi-_ci 7 px—CiCi ‘Z‘ % ps
8= =
N
m' m‘| *
K(r?) =—"ky; _Ci§ —Lky, —cli X Cokr
m s=1 m s=1
A‘§)=AU+Z]X;(",;L )Av+§ Zx((_,] CAj
. N
G =C,-kZ] ¢&er Bj=L...N
The coefficients obtained above satisfy the conditions
N N N m o
) K,‘fi’ =3 Kp =0 X CkA(Ig') =—LA,;, 2 o, == A% )— -L4; (5.2)
k=1 k=1 k=1 m m
i=1,..,N

N N

0 6k _ ) & _
Z KP+2=3 K =%=0
- m,‘ k=1 mk

For a plasma, in the general case, there will therefore be N — 2 independent relations (5.1) and, for
mixtures of uncharged components (¢; = 0,7 = 1, ..., N), there will be N — 1 such relations.

6. THE STEFAN-MAXWELL RELATIONS FOR
THE DIFFUSION OF ELEMENTS

In accordance with the definition of the concentrations and the diffusion fluxes of the elements (1.3),

J; (1 =1,...,L) can be eliminated from Eqs (5.1) and the equations for the mass transfer of the elements
c “*( = 1,..., L) and the equations for the transfer of the concentrations of the reaction products

c(i=L + 1, ..., N) can be obtained separately

.. . Aj oo omi Lo 5 . L
ch+Kijlnp+KTlenT=——’;Jj+-;—Z_“ AﬂJl £ _§+I ]ka, Ji=L.., (6.1)
N 6.2
Ve, +KPVinp+K'VInT =~ J +¢ }: AOY ve; 3 AN, i=L+1.. N (62)
k=L+1

where
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* — gl KO — (0) (0)
K, =KD+ ): KS, Kp=K{)+ zv.
=L+ mk k=L+t T MYy

» m, m,
Aﬂ=x AII+kZ ka,qul""x Zx(m —"n‘L)A\,‘*’

"‘[Xj‘;; + Z kaij:)Z xs(CI —Cs)Als

k=L+] s=1
* . * L *
81k=vki(A,.i'"Ak)+Aﬂ‘_l§ Vuldj, A (0) 2 Vi (0)

ij ko d=1,..,N

*
w1 s . mX; . N
i%i = . i
Ji=—1J; ¢= soXpExpE X ovexs j=Lol
m; m k=L+1

The relations for the coefficients

L Lo, Lo, Lo
z K])j = z KT] = 0, Zl m]AJ, = mlA,, -21 mjajk = 0 (63)
j= j=1 j= I=

==

=1, ..

=

hold by virtue of the conservation of mass (1.2) in reactions (1.1) and conditions (5.2).
Relations (x¥ - o)

N =0, I=1..,L [#E Ag=Ag (64

-

Api=Vighy, 85=0, i=L+l.., N; Koz=Kpg=0

also hold by virtue of charge conservation (1.2) in reactions (1.1).

The subscript E refers to the electron.

Hence, in the case of the diffusion of elements in a plasma, there will be L — 2 independent
Stefan—Maxwell relations (6.1) and, for a mixture of electrically neutral gases, there will be L — 1 such
relations. Relations (6.2) represent a system of R = N — L independent equations which, together with
the R = N — L equations for the diffusion of the reaction products (1.6), form a closed system for
determining the concentrations ¢; and the diffusion fluxes J; (. = L + 1, ..., N) of the reaction
products. Equations (1.5) and (6.1) determine the concentrations ¢} and the diffusion fluxes J¥ of the
elements.

In conclusion, we will now represent the system of mass transfer equations (6.1) and (6.2) in an
improved form by introducing generalized, dimensionless Schmidt numbers S; = (uWm)A; (u is the
coefficient of viscosity of the mixture), which are accepted in problems of hydrodynamics. We then obtain
the mass transfer equations for the elements

o S o mS; :
dj=_—IJj+ (Z ;lJl + 2 B]kjk)’ j=1....L (6.5)
3 Hou=i
and for the reaction products
S y .
d;=-—LJ;+x (2 ol + X BikJ;} i=L+1,...N (6.6)
1 k=L+1
where
A A L3 AD
* i il ik = Dik
wy=—, oy=—t Byp=-=, Bp=—% (6.7)
/ A] ! Ai s Al A,‘ )

In (6.5) and (6.6), the vectors d% and d; are the left-hand sides of Eqgs (6.1) and (6.2), respectively.
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7. DIFFERENT FORMS OF THE ENERGY AND HEAT INFLUX
EQUATIONS FOR A MIXTURE

To obtain the complete system of effective transport coefficients for thermochemically equilibrium

flows, it is necessary to start from the exact energy equation (1.8). We introduce into express (3.5) for
the total thermal flux the specific enthalpy of the mixture

where ¢, are the specific (per unit mass) heat capacities of the components and A; are the
specific enthalpies of the components, defined apart from their additive constants by the expression
h,‘ = ,[CpidT + h,‘o. Then

(7.1)

M=

Cpkck

N
dh = deT+ kg] hkdck’ Cp =

k

whence
N
wWr=Pan-L ¥ hdc, o=t (7.2)
o O k=1 A

The total heat flux (3.5), expressed in terms of the temperature and the specific enthalpy of the mixture,
will then be

N N o
J, = —%I:CI,VT—%E::! hkTJk] = “%[Vh‘k{-l (hkvck +',IhkTch)] (7.3)

where o is the Prandtl number, defined in terms of the coefficient of viscosity of the mixture p, the
thermal conductivity of the mixture A and the heat capacity of the mixture c,; h!lis the specific
enthalpy of the ith component written taking account of thermal diffusion (see (7.11)).

Substituting expression (7.3) into Eq. (1.8), we obtain the energy equation, written in terms of / in
the substantial form

d v? ap , . |p O . y o,r N
—|h+— |==F+divi=|Vh+=T v~ Ve, +—h'J + F, -v 7.4
pdt( 2) > w{o[ . k§] Vet TR El Py v, (7.4)

Subtracting the kinetic energy equation (the scalar product of the momentum equation (1.7) and v)
from Eq. (7.4), we obtain the heat influx equation, written in terms of the enthalpy of the mixture

dh 9, . N c A . X
pz=a—’t’+dw{%{Vh—El (thck +thJk]J}+r:e+k§‘ PeF, - Js (7.5)

It is now natural to introduce into Eq. (7.4) the total enthalpy of the mixture H = 4 + v%/2 in terms
of which this equation is written in the most compact form

dH _dp oo N
pz=—a-§—dlv.]” +k§| kak ‘vk (76)
JH=-E VH+2%.v-V f—)—g: [thCk +thJk] (77)
o n 2 ) k= [

Note that the energy and heat influx equations, which have been described above in different forms,
retain their form regardless of the fact of whether reactions occur at a finite rate in the flow or in an
equilibrium manner or are frozen. In the account of the energy (or heat influx) equation which has
been presented, the heats of chemical reactions appear in the internal energy and enthalpy of the mixture.

We next explicitly introduce the heats of reaction and thereby reveal the possibility of writing the
energy and heat influx equations in terms of the temperature. We transform the energy and heat influx
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equations, explicitly separating out the terms which contain the heats of chemical reactions, including
ionization reactions.

Note that the actual occurrence of reactions does not, as a rule, correspond to the notation of (1.1)
and, furthermore, the actual number of reactions is, as a rule, greater than N — L. The elucidation of
the actual mechanism of the reactions which are taking place and the number of such reactions is a
separate problem, the results of the solution of which have no effect on the conclusions of this section.
However, using the independent reactions (1.1), we introduce all the independent heats of reactions
in terms of which the heats of all the remaining reactions which are actvally occurring are expressed
(Hess’ law). According to the first law of thermodynamics, the heat of reaction, required to form unit

mass of the product 4;(i = L + 1,..., N) at a pressure p and a temperature 7, is determined by the
specific enthalpies of the components #; (i = 1, ..., N) in accordance with the form of reactions (1.1)
L mj
j=t T m;

From (7.8), we obtain

T L T
~;(T)=~q,(0)+ [,y dT- ¥ v;—L[c,dT, i=L+1..,N (7.9)
0 j=! 0

i
m;
where ¢;(0) are the heats of reaction at absolute zero and are specified parameters of the problem.
Formulae (7.9) serve for converting heats of reaction, specified at one temperature, to another
temperature.

Hence, in order to define the model it is necessary to specify the heat capacities of all of the

components ¢, (z ,N) and N — L independent heats of reaction g; at some fixed temperature
T, for example () The enthalples of all the components will be determined to L arbitrary additive
constants kjp (j = 1, ..., L), which do not have values by virtues of the invariance of the energy (and

the heat influx) equatlon with respect to the values of these constants [38].
We will now write all the expressions (sums), containing the concentrations and their derivatives, and

the diffusion fluxes, having eliminated the concentrations ¢; (j = 1, ..., L) and the diffusion fluxes of
the components, that is, the elements of J;(j = 1, ..., L) from them, in terms of the concentrations
cf(j =1,...,L) and the diffusion fluxes of the elements J¥(j = 1, .. ., L) and, using formulae (1.3),
we obtain

N Lo, N N . N
=Y ch = Z cjhi— X g dh=c,dT+ Z hidc; - 3 q,dc,
k=1 j=1 k=L+1 =l k=L+1

N o.7
3 (thck +oh JkJ= D-Q (7.10)
k=1

where

L
D=% (h Ve; +uhTJ) Q= Z ‘IkVCk"’ ‘Ika

k=L+I

bt/ : 7.11
] =h+—2kT, ap=—L; j=l..L (7.11)
qlT:qi-ElL BTI_O'TI Z Vlja'l_’,' i=L+1...,N

The total heat flux (7.3) will then be equal to

k=L+1

L .+, O ST
J, ="%[V""j§‘ (thcj +EthJ ) Z (kack +E‘1k Jk)] (7.12)

1t follows from this last expression that, if, when there is a thermal diffusion effect, one introduces the
concept of generalized heats of reaction q! = g; — Pr;/m;, instead of g; and the concept of generalized
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spec1ﬁc enthalpies of the basis components hT— h; + (az/mj)kT, instead of A, the structure of the
expression for the total heat flux J, (7.12) w1ll be 1dent1ca to the expression for J, when there is no
thermal diffusion effect.

We will now write the heat influx equation in terms of the enthalpy of the mixture 4. From (7.5), we
obtain, using (7.12)

N
pﬂ=-‘-i£+dV[ (Vh D+Q)]+%Zé+z Fk'Jk (713)
dr dt k=1 '
The energy equation, written in terms of the total enthalpy, will be
2 N
pdH B, it vh+Stv-v "-—)-mo +3 peFe v, (7.14)
dt ot y M 2 k=1

Finally, we write the heat influx equation in terms of the temperature. Substituting.the expression
for dh from (7.11) into Eq. (7.5), we shall have

( éh""‘— qudck)

jljdt k=L+ dl

N
=£E+div|iﬁ(chT—-—Z hTJ +2 Z qu,,H+Tié+ 2 P vy
dt o] B j=1 Hok=L+1 k=1

or, when account is taken of the diffusion equations of the elements (1.5) and the reaction products
(1.6), as well as equalities (7.8) and (7.10), we finally obtain the heat influx equation, written in terms
of the temperature, in the form

N
dr =— dp +d|v(7«.VT kTZ———Jk]'* 2 @Wi— 2 Vi J, +t:é+k21 PeFi-vi  (7.15)
t =] =

e 2L
Pdr k=t My k=L+l

8. THE NAVIER-STOKES EQUATIONS FOR FLOWS OF MIXTURES OF
GASES AND PLASMA IN THERMOCHEMICAL AND IONIZATION
EQUILIBRIUM. THE EFFECTIVE TRANSPORT COEFFICIENTS

A chemically equilibrium flow occurs when the time taken for the slowest reaction to occur in the
flow ¢, is much less than the characteristic hydrodynamic time t5, for example, the time a liquid particle
resides in the flow, which is equal to L/ (L is the characteristic length of the flow domain considered
and v is the characteristic of the flow velocity). In this case, if the temperatures of all the degrees of
freedom of the particles are the same, then a thermochemically equilibrium flow occurs. In this case,
considerable simplification of the system of diffusion equations (1.5), (1.6) and (3.1) and the energy
equations (1.8) and (3.5) is possible, that is, part of the overall system of Navier-Stokes equations
(1.4)—(1.9), if the conditions of chemical equilibrium are used as the first integrals of the system of
equations.

In the case of local thermodynamic equilibrium in the flow, the diffusion equations for the reaction
products (1.6) in the asymptotic limit as zg/, — oo are replaced by the conditions of chemical equilibrium,
which, when the reactions are expressed in the form (1.1), will be written as

v;
x;" K~(T) L .
:Vi , v,-=}_‘,1vij—1, i=L+1,...,N (8.1)
X; i=

L
L

These equations are a consequence of the Guldberg—Waage law of mass action for chemical reactions
and Saha’s equilibrium ionization conditions. Equations (8.1) can be written in terms of the partial
pressures in the form

e

,”_ =K, (T), i=L+1..,N (8.2)

~.
W
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where p; are the partial pressures of the components and K,,(T) are the equilibrium constants (functions)
which depend solely on the temperature and are calculated in statistical physics.

We next assume that K,,(T) are known. These conditions can be considered as first integrals of the
equations of motion of a multlcomponent mixture, which hold at any point in the flow and replace the
diffusion equations for the reaction products (1.6). These integrals can be used to simplify the energy
equations (7.13) and (7.14).

We now express the vectors Vc;and J;(i = L + 1, ..., N), which occur in Eq. (7.14), in terms of VT,

Vp,Vctand J;(i =L + 1,..., N) and, in conditions (8.1), we change to the mass concentrations
AL T .
1‘1 Kt ), =5, i=1..N (8.3)
PR (P’") m;

and take the logarithmic differential of these equalities. In the resulting equations, we next replace dc}
(=1,...,L)yintermsofdc}'(j = 1,...,L)anddc/({ = L + 1, ..., N) using (1.3). We then obtain
a system of simultaneous algebranc equatlons for determining dc, = dc m;

N
3 a,.kdck———ﬁ'—dlnT+ ‘dlnp+2 v; dc , i=L+1,..,N (8.4)
k=L+1
where
L ViV 8:’1: . _ Vi
L =4 = -V, +5 Yo =——,
Ay = 4y EI %, iV X, i X, i

j=1,..,L; i,k=L+1,..,N
Here, the van’t Hoff isochore equations

dn Kpi(T) - m.q;
dT kT?’

i=L+1,....N

have been used.
It is clear from (8.4) that the chemically equilibrium concentrations of the reaction products c;
(=L +1,...,N)and, later, the concentrations of the basis components

N m;
Cj=C;_ 2 ij—l—ck; j=1,...,L
k=L+1 m;

dependonT,p,c?, ..., ¢]
The solution o% system (8 4) can immediately be written in terms of the ratio of determinants
(Cramer’s rule). Using this solution, we find the sum which is subsequently needed

8.5
Z myqidcy = —c,, dT +a(v, Q)gﬁ"‘ 2 a; (V ,Q)dc; (8:5)
k=L+1]
where
0 QL«H aN
e =— _k QL+I ApiLel - GLaN
pr mA(a) .
QN ayisy - ONN
0 Qun - On
aw.0) = b VL+| f1L+|.L+| :aL+l,N

A(a)

VN aN.L“ aen aN.N
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0 Qru o O
. 1 V;.+lj Are, Ll -+ GLelLN . s
a;(v,Q)=——. 7" .7 . , =1,...,L
J( Q) m}A(a) : . J
V7v,j ayr+1 -+ ANN
QraL+t -0 QLaN
Aa)=det|jay II=| :
ay,L+1 -« OGNN
Q=mgq;, Qi=#=zr—

We now return to the calculation of the diffusion fluxes of the reaction products J; (i =
L +1,...,N). We take the logarithmic gradient of the equilibrium conditions (8.1), having used the
van’t Hoff isochore equations here

Y v_,___!___i=-'fk'-;_‘!iVlnT—v,-Vlnp, i=L+1,..,N

and, into these equalities, we substitute Vx; (i = 1, ..., N) from the Stefan-Maxwell relations (3.1)
which we rewrite in the form

N N A N
Vx, ==X 3 05 +% 3 Aydi —(x;=c;)VInp- %(.Zl PFe —pE) —kr,ViInT
k=1 k=1 =

Next, if the diffusion fluxes of the components of the elements J; (j = 1, ..., L) are eliminated using
(1.3) and we use the conditions for the conservation of mass and charge in reactions (1.2), we obtain a
system of linear vector equations for the diffusion fluxes of the reaction products of the following form

N 4 mlq;r L »’ C—
Y b Ji = VinT+ 3 4;);, i=L+1L...N (8.6)
k=L+ kT j=1
where
L V.V, L L L d;
j=1 X j=1 1=l j=1 X;

Lk=L+1,..,N

N
A = ) x Ay, i=1...,N
k=1

A L . .
dij:Aij-Fv'jx_{_E'l Vi, i=L+1.. Ny j=1..,L

!

It is important to note that the electric field has not occurred in the defining parameters of the diffusion
fluxes J; in (8.6) by virtue of the quasineutrality conditions (1.2), and it has also not occurred in the
term with Vp. We shall again write the solution of system (8.6) in terms of determinants (Cramer’s rule)
and immediately present the expression for the sum

YT & Ty : T
X adi= X mqgd,=\VT+ Z] bi(d,Q")J; (8.7)
k=L+] Jj=

k=L+1

which will be required later, where the following notation for the reaction thermal conductivity 2, and
the coefficients b; are introduced
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0 6[“ Q_:
_k 0/, by L4 brin T_. T RT_ miq;
r= K(-b—) . » Ql mgq; , Qx kT
or by L+i by
0 0/ v
1 diaj brara bpaw
b' d, T = N ) . . ,
i€ o) mjA(b) : : :
dn; by by
bratesr - b
A(b) = det | by, |I={: :
by L4y - by

Expressions (8.4) and (8.6) are central in the case of equilibrium chemical reactions.
Substituting expression (8.5) for dh into (7.10) and expression (8.7) into (7.12), we find

L -
dh=c,,efde- Y a;-dc; —a—(v—’Q—-)-dp. Cpeff =Cp +Cpy (8.8)
j=
L * 2 ¥ L * * ¥ -y V
J,=-AegVT- 3 b;3;=~ K Vh+ Y (aer.'/-~l-0°ff ijj)+a(v,Q)._p.} (8.9)
=t Oefr j=l B P

,'lcpeff = 'J.(Cp + Cpr)

)\'eff = )"+xr' ccff = A’eﬁ‘ A-+lr

where the concept of an effective heat capacity of the mixture, ¢y cff> and effective thermal conductivity
of the mixture, A ¢ and an effective Prandtl number, o, constructed using the effective heat capacity
and the effective thermal conductivity, has been introduced. In addition, the notation
. . . __ Ty_ T ;o
aj=a](v ’Q)—hlv b_’_b](va ) h" .’_la---’L

has been introduced.

It is now possible to derive the energy and heat influx equations for thermochemically equilibrium
flows. Substituting expressions (8.8) and (8.9) into Eq. (7.13), taking account of relations (7.12), we
obtain the heat influx equation for the case of thermochemically equilibrium flows, written in terms of
the temperature

b L * * *
PCpe =1 +a(v,Q)1i’?-+div[WT+ 3 b -a >Jj]+
dt dt j=1
L * - * ~ -~ N
+3 J;Vaj(v .Q.)+1::e+kZ F.-J, (8.10)
Jj=1 =]
and, respectively, the heat influx equation, written in terms of the enthalpy

dh _dp .. | L L ogs, O peye ), aV.Q) a.a, &
— = 4 div{——| Vh+ Ve +—=Lp Y |+ —=-Vp|}+1:6+ 3 F,-J 8.11
P 2T w{oeﬁ[ ,E'l (a’ Gy ’) p 7 IEI ede (31D

The energy equation, written in terms of the total enthalpy H, for locally thermodynamic equilibrium
flows will be

dH o . il
p?T:'éf-—d]VJ(,;)'sz—:l kak -Vk (8.12)
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where
Jo =P vy Sz y_y v? +a(v,§)2£’_+ﬁ (a‘,vc‘_+°=ff b?J'f) (8.13)
H Gerr M 2 p = J T v

Hence, it is now possible, using equilibrium conditions (8.3), to eliminate the concentration gradients
and the diffusion fluxes of the reaction products by using the solution of algebraic equations ((8.4) and
(8.7), respectively).

Unlike the case of a homogeneous reacting gas, additional terms, proportional to Vp, Vcyand Jfare
omitted in the paper cited above, have appeared in Eq. (8.12) when there are equilibrium reactions.
The concentrations of the elements c¥ and the diffusion fluxes of the elements J5 (j = 1,..., L) will
be found from the diffusion equations (1.5) of the elements, supplemented by the corresponding
transport equations (6.5) of the elements in which it is necessary to eliminate the diffusion fluxes of
the reaction products J; (k = L + 1,..., N) and thereby obtain the Stefan-Maxwell relations for
chemically equilibrium flows.

In the case of thermochemically equilibrium flows, only the mass transfer equations for the elements
are required for the closure of the diffusion part of the system of Navier-Stokes equations. We therefore
eliminate the sum Z{_ 1 +1B%J% from Eq. (6.5) using system (8.6) for this solution. As a result, we find

N N & 5 L .
T Budi= X z’—"-Jz=—’—VInT+Z ey, j=l..L (8.14)
k=L+1 k=L+18j j l=1
where
0 drn Gy
@~ _ 1 A.j.N+I brinier - braw
! det ff by ll]: :
A" b .. b
iN N.L+1 NN (8.15)
0 dpig o dyy
.
(';')=_ 1 §j,L+l .bL+l,L+l .bL+I,N
! det |} b, I :‘ :
iN bN,L+l bN.N
Ll=1 ..,L
—_ g B :
(=t i=L+]..,N
“EAT m; ‘

Substituting expression (8.14) into Eq. (6.5), we obtain the required Stefan-Maxwell relations for
the diffusion of the elements in the case of thermochemically equilibrium flows

ijj L

S; * 'Y *
d¢ =_TLLLJ"+T1}-:. o037, ol =05 +0%), j=1,...,L (8.16)

where the diffusion force vectors dj(e) for chemically equilibrium flows will be

* m; .
d$) = Vc; +(K;j ——misj.')Jvm T+K,Vinp, j=1...L (8.17)

By virtue of relations (6.3) and the expressions for Sj(e) and ®(ﬁ} the coefficients in Eqgs (8.16) satisfy
the relations

Me
M~

* L L L
K3 =,§, K}; =0, ]gl m;S;0’) =mS,. k=1..,N; , lm,sjey) =0 X m8O =0
m . P

J

I
—

Furthermore, in the case of a quasineutral plasma, but, generally speaking, when there is a current in it, by
virtue of relations (6.4), the following further additional conditions for the coefficients of Eqs (8.16) hold
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Kre=K,;=0, 8% =0, 0% =0, af=0, I=1..,L I=+E ©%-=

It is important to note that, if all of the binary coefficients are equal to one another, then S‘f)E 0.

In the case of chemically equilibrium flows, there will therefore be L ~ 2 independent Stefan-
Maxwell relations (8.16) for a plasma and L — 1 such relations in the case of electrically neutral gases.
Equations (8.16) together with equations (1.5) for the diffusion of the elements will also constitute the
diffusion part of the general problem of the flow of thermochemically equilibrium, partially ionized,
quasineutral mixtures of gases and plasma. In this case also, only the diffusion fluxes of the elements
and the concentration gradients of the elements, which are related by Eqs (8.16), remain in the energy
equation (8.12). The mass transfer equations for the reaction products (6.2) or (6.6) turn into identities
when account is taken of relations (8.6). After solving the problem, the distribution in the flow of the
sources of the masses of reactionsw; ({ = L + 1, ..., N) can be found from the equations for the diffusion
of the reaction products (1.6).

9. NUMERICAL CALCULATION OF THE EFFECTIVE TRANSPORT
COEFFICIENTS FOR IONIZED AIR

The equilibrium transport coefficients were calculated using the final expressions derived. We will now present
some very interesting results. The detailed numerical data are presented in {43].

The values of the coefficient (mj/m)Sj(”) for oxygen (a recalculation is possible for nitrogen) at pressures p =
1.013 x 10% 1.013 x 107 Pa are depicted by the solid curves in Fig. 1 (curves 1 and 2). Over the range where air
dissociates (4000-7000 K), the coefficient (mj/m)Sj(") reaches a value of 0.2 to 0.3. This means that, even in the
case when thermal diffusion and barodiffusion are neglected (k;; = k), = K7; = Kj; = 0), the diffusion fluxes of
the elements J¥(j = O, N, E) due to the differences in the diffusion properties of the components (8 = 0 when
the binary diffusion coefficients of ail the components are the same) are non-zero when a temperature gradient
exists. A significant separation of the elements therefore occurs (a result which has previously been obtained in a
numerical calculation of actual flows of dissociated air {44]). In the ionization region (T =~ 16000~17000 K), the
effect of the separation of the ¢lements becomes even more substantial ((m;/m) 5,-(“) = 1. The dashed curves in
Figs 1-3 will be explained later.

The reactive thermal conductivity A, (in formula (8.7)) is shown in Fig. 2 (the solid curves are for the same two
pressures) and this coefficient can exceed the thermal conductivity for frozen flows several-fold.

The change in the effective Prandtl number o (Fig. 3) with temperature turns out to be smaller than the
individual changes in A, and c,, (¢, is not given here). Over the range where dissociation reactions occur, the change
in 65 ~ 20% while, over the range where ionization occurs, it is ~ 40% (double ionization has been neglected in
the calculation presented here and, in the high-temperature domain at low values of the Prandtl number, o is
found to be of the order of 0.1). The solid and dashed curves 1, 2, and 3 in Fig. 3 correspond to p = 1.013 x 10°,
1.013 x 10, 1.013 x 107 Pa. R

The values of the dimensionless coefficient 4 = a(v, Q)(p/ph), which appear in the heat influx equation (8.11)
are shown in Fig. 4 for the two pressures p = 1.013 x 10°, 1.013 x 10 (curves 1 and 2 correspond to these values).

The coefficients from the same equation ajih, bjh are shown in Fig. 5 for the elements O and N, which show
the appreciable effect of the separation of the elements on the heat flux (see the additional terms in the expression
for the heat flux (8.9) appearing after Vi). Here, p = 1.013 x 10° Pa.
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Numerical calculations of the effective transport coefficients taking account of the higher approximations showed
good convergence over the temperature ranges where there is dissociation and ionization. Values of (mj/m)éj“”
for the fourth approximation (£ = 4, the solid curves) are presented in Fig. 4. The dashed lines are the values
(m,-/m)Sj(”), calculated ignoring thermal diffusion (k7; = 0) and without taking account of the correction factors to
the resistance coefficients A; (formula (4.3) when f; = 1). A difference of 2-5% is only observed in the region of
partial ionization. The contribution to A, from the effect of thermal diffusion (ky; # 0) does not exceed 5% and
the correction factors ¢; make a contribution of ~ 2% to A, (the dashed curves in Fig. 2 when ky; = 0 and
@; = 0).

]Since the higher approximations are not very important in the calculation of 7., the number of approximation
necessary to calculate c.¢ is determined by the accuracy of the calculation of the ratio w(g)/A(§). It suffices to calculate
A(£) with an accuracy of 2% in the third approximation and p(&) in the second approximation. The values of o,
calculated taking account of higher approximations, are represented by the solid curve in Fig. 3, the values of o,
obtained when A(&) i§ calculated in the second approximation (& = 2) and the coefficient u(§) is calculated in the
first approximation, is shown by the dashed curve in this figure). The values of o, calculated without taking account
of the correction coefficients to A; (p; = 0, f; = 1) and without taking account of the thermal diffusion relations
(k7; = 0), are denoted by the smal{ crosses in Fig. 3. Hence, in the case of an air plasma up to temperatures of less
than 2 x 10* K, the contribution of k;; and @y in the calculation of o, is less than 5%. However, it is necessary to
calculate the coefficient of viscosity and the thermal conductivity in the second and third approximations respectively.
An incorrect choice of the number of approximations (up to the point where convergence of the coefficients is
obtained as & increases) in the calculation of o4 can lead to an error of up to 60% in the region where intense
ionization occurs.

PPa [A:A(2) f
A1)
fij()m!
0.5 7 : 5| kTitnm=o
- 10
-1 / B:A(3) 2
o [ 10°
\ y
10
_—— a;-/h C:pe(2) {
— 5%/ . 1e.. E:
2.0 N L 10° DT it
0 o 20 5 0 15 Tk

Fig. 5. Fig. 6.



860 G. A. Tirskii

The effect of the accuracy of the calculation of kT,(E,) and (p,,(é;) o )(the second formula of (8. 15)) in the equation
for the transport of the elements and of a7and b7 in the equation for the total heat flux (8.13) is found to be the
same as in the calculation of 6 )

The concluding Fig. 6 reﬂects the situation which has been described, where the domains 4, B, C and D, separated
by curves 1-4 which indicate the boundaries, reflect the situation which has been described. It is in these domains
that the transport coefficients A(&), u(&), k7(§), 9;(E) have 10 be calculated in the required approximations § in
order to ensure an error for the effective transport coefficients to be no worse than ~5% in the case of an air
plasma.

10. CONCLUSIONS

Finally, we draw a number of fundamental conclusions.

1. The effect of barodiffusion in relations (2.3) and the dependence of the right-hand side of the
equilibrium conditions (8.3) on the pressure mutually compensate one another by virtue of the law of
conservation of mass (1.2) in reactions (1.1) and, therefore, the diffusion fluxes of the reaction products
JG=L +1,...,N), as follows from system of equations (8.6) and unlike the concentrations of the
reaction products which are determined from (8. 5) do not depend explicitly on the pressure gradient.

2. When account is taken of thermal diffusion in the energy equation, this leads to the replacement
of the specific enthalpies &; of the basis components by the effective enthalples h = h; + kTa Tj ( ji=

,L) (7.11) and the heats of reaction g; by the “effective heats™ ¢/ = ¢, - p'r; (l = - N)
( 7. 11)

3. Equations (8.4) and (8.6) and their solutions (8.5) and (8.7) are obtained without any assumptions
regarding the quasineutrality of the mixture and the absence of an electric current in it. If such
assumptions are introduced, it does not change the form of the solutions of (8.5) and (8.7) nor
consequently, the form of all the effective coefficients and the equations of the diffusion-thermal part
(1.5) and (8.16), (8.12) and (8.13) of the overall system of Navier-Stokes equations.

4. If a partially ionized, chemically equilibrium mixture of gases is formed by the heating of an initially
two-element mixture of gases, then the diffusion flux of the jth element will depend solely on the single
gradient of its own (jth) concentration and the gradients of the remaining hydrodynamic parameters,
that is, the cross-effects of barodiffusion and thermal diffusion.

5. The existence of components in a moving gas mixture with unequal binary diffusion coefficients
or taking account of thermal and barodiffusion leads to a state of affairs where the concentrations of
the elementsc¥(j = 1,..., L) do not retain a constant value in the flow, even when there is no delivery
(blowing) of the substance from the walls around which the flow occurs. For this reason, the diffusion
fluxes of the elements J% # 0. In other words, Egs (1.5), together with relations (8.16), do not, in general,
admit of the trivial solution J*; = 0, ¢} = ¢}, = const (j = 1, ..., L) due to the existence of the effects
of multicomponent diffusion of components with different binary diffusion coefficients. This leads to
a state of affairs where the chemically equilibrium composition of the mixture at the point being
considered will not only depend on the pressure and temperature but also on the concentrations of the
chemical elements, which change in the flow in accordance with (1.5) and (8.6). This has not been taken
into account in any of the papers cited above. This is the main difference between an exact calculation
of the equilibrium composition of the mixture in the flow and the numerous approximate calculations
for a fixed or moving mixture or an inviscid, non-heat conducting and diffusion-free gas mixture, when
the element chemical composition is specified and is constant in each flow field and the concentrations
of the components and the thermodynamic properties of the mixture depend solely on two variables:
the pressure and temperature.
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